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Laws of Diffusion

DIFFUSION IN SOLIDS

Definition
Diffusion: a molecularkinetic process that leads to homogenization, 
or mixing, of the chemical components in a phase.

water

adding dye partial mixing homogenization

time

Kinetic Characteristics

D = D0 ⋅e− ∆E / RgT

Diffusion is also a thermally activated process that follows the well-
known relationship,

where

D  =  Diffusion coefficient
D0 =  Pre-factor
∆E  =  Activation energy
Rg =  Universal gas constant
T =  Temperature

Phenomenological Laws

ϕ = −A
k

µ
dP

dx
Darcy’s Law

Q = −k
dT

dz
Fourier’s Law

J = −D
dC

dx
Fick’s First Law

Porous flow

Heat flow

Mass flow

Fick’s First Law

Jx =  − D
∂C
∂x

 
 

 
 

y, z,t

Jy =  − D
∂C

∂y

 
  

 
  

z ,x ,t

Jz =  − D
∂C

∂z
 
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 
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x ,y ,t
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 
 
 
 

 

 
 
 
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  J x, y,z( ) = Jxex + Jyey + Jzez Mass flux vector

Component form of Fick’s 1st law:
(Isotropic system)

Jx Jz

Jy

y

z

x

J
P (x, y, z)

Mass-flux Vector

x

y

z

J

Jxex

Jzez

Jyey

Flux vectors may be visualized at 
each point in a medium by 
specifying their directions and 
magnitudes.
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Divergence Operators

  
divF= ∂Fx

∂x
 
 

 
 +

∂Fy

∂y
 
  

 
  

+ ∂Fz

∂z
 
 

 
 

Cartesian Coordinates:

Cylindrical Coordinates:

Spherical Coordinates:

  
divF = 1

r
∂
∂r

r ⋅Fr( )+ 1
r

∂Fθ

∂θ
 
 

 
 +

∂Fz

∂z
 
 

 
 

  
divF =  

1
r2

∂
∂r

r2 ⋅Fr( )+ 1
rsinθ

∂
∂θ

sinθ⋅Fθ( )+ 1
rsinθ

∂Fφ

∂φ
 
  

 
  

Fick’s First Law

  
∇C (x,y,z,t)≡

∂C

∂x
 
 

 
 

y ,z,t

ex +
∂C

∂y

 
  

 
  

z ,x ,t

ey +
∂C

∂z
 
 

 
 

x,y ,t

ez

Vector form of Fick’s first law:

  J =  − D∇C

Units

Ji units[ ] =
g

s ⋅ cm2

Ji = −D
∂C

∂x

J i  units?[ ] = D
cm2

s

 
 
 

 
 
 ⋅

∂C

∂x
 
 

 
  

g

cm4
 
  

 
  
, i = x, y, z( )

Mass-flow Control Volume

P

x

y

z

∆y

∆z

∆x

Jy(P-∆y/2) Jy(P+∆y/2)

Control volume indicating 
mass flows in the y-direction 
occurring about an arbitrary 
point P in the Cartesian 
coordinate system, x,y,z. 

Mass Conservation
Inflow − Outflow =  Accumulation Rate (A.R.)

Jy P− ∆y
2

 
 

 
 − Jy P+

∆y
2

 
 

 
 

 
  

 
  
∆x∆z  =  A.R.( )y

Jy −
∂Jy

∂y
 
  

 
  

⋅ ∆y
2

− Jy +
∂Jy

∂y
 
  

 
  

⋅ ∆y
2

 
  

 
  

 

 
 

 

 
 ∆x∆z  =  A.R.( )y

 −  
∂Jy

∂y

 
  

 
  

∆y∆x∆z  =  A.R.( )y
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Mass Conservation
Total Inflow− Total Outflow =  A.R.( )total

−  
∂Jx

∂x
+

∂Jy

∂y
+ ∂J z

∂z
 
  

 
  

∆x∆y∆z  =  
∂ C
∂t

 
 

 
 ∆x∆y∆z

  
−∇⋅J =  

∂C
∂t

      ∇⋅J = ex ∂ /∂x( )+ ey ∂ / ∂y( )+ ez ∂ /∂z( )[ ]⋅J x, y,z( )

  
∂C
∂t

+∇⋅J = 0or
continuity 
equation

Fick’s Second Law
(Linear Diffusion Equation)

 − ∇⋅ −D ∇C( ) =  
∂C
∂t

or  ∇2 C = 1
D

 
∂C
∂t

 
 

 
 D  ∇⋅∇C( ) =  

∂C
∂t

Fick’s 2nd law

Fick’s Second Law 

(Cartesian Coordinates)

    
∇2  ≡  

∂2

∂x2 +
∂2

∂y2 +
∂2

∂z2

    
D

∂2 C
∂x2 +

∂2C
∂y2 +

∂2C
∂z2

 

 
  

 
  =  

∂C
∂t

Laplacian

Fick’s Second Law

(Cylindrical Coordinates)

∇2  ≡  
1
r

∂
∂r

r
∂
∂r

 
 

 
 +

∂
∂θ

1
r

∂
∂θ

 
 

 
 +

∂
∂z

r
∂
∂z

 
 

 
 

 
 
 

 
 
 

D

r

∂
∂r

r
∂C
∂r

 
 

 
 +

∂
∂θ

1
r

∂C
∂θ

 
 

 
 +

∂
∂z

r
∂C
∂z

 
 

 
 

 
 
 

 
 
 

 =  
∂C
∂ t

Laplacian

Fick’s Second Law 

(Spherical Coordinates)

∇2  ≡  
1

r2

∂
∂r

r2 ∂
∂r

 
 

 
 +

1

sinθ
∂
∂θ

sinθ
∂
∂θ

 
 

 
 +

1

sin2 θ
∂2

∂2φ
 
  

 
  

 
 
 

 
 
 

D

r2

∂
∂r

r2 ∂C

∂r
 
 

 
 

 
  

 
  

+
1

sinθ
∂
∂θ

sinθ
∂C

∂θ
 
 

 
 

 
  

 
  

+
1

sin2θ
∂2 C

∂2φ
 
  

 
  

 
 
 

 
 
 
 =  

∂C

∂t

Laplacian

Important Diffusion Symmetries

Linear Flow
(1-D flow)

D
∂2 C
∂x 2

 
  

 
  

 =  
∂ C
∂ t

(D = constant)

∂
∂x

D
∂C
∂x

 
 

 
 

 
  

 
  
 =  

∂C
∂ t

 (D = variable)
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Important Diffusion Symmetries

Axisymmetric
(radial) Flow

D
∂2 C
∂r2

 
  

 
  

+1
r

∂C
∂r

 
 

 
 

 
  

 
  
 =  

∂C
∂t

1
r

∂
∂r

rD
∂C
∂r

 
 

 
 

 
  

 
  
 =  

∂C
∂t

(D = constant)

(D = variable)

Important Diffusion Symmetries

Spherical
symmetry

D
∂2 C
∂r2

 
  

 
  

+ 2
r

∂ C
∂r

 
 

 
 

 
  

 
  
 =  

∂C
∂ t

1
r2

∂
∂r

r2D
∂C
∂r

 
 

 
 

 
  

 
  
 =  

∂C
∂ t

(D = constant)

(D = variable)

Exercises
1. Given the concentration field C=sin(πx) [g/cm3], plot the 
gradient field, and then determine the flux field using Fick’s 1st 
law, assuming that the diffusion coefficient, D=1 [cm2/s]. The use 
of a mathematical software package or spreadsheet provides an 
invaluable aid in solving diffusion problems such as suggested by 
these exercises, and many others introduced in later chapters of 
this book.

In one dimension, the gradient is defined as

  
∇C ≡ ∂C

∂x
 
 

 
 ⋅e x = πcos πx( ) ⋅ex

• Diffusion is a molecular scale mixing process, 
as contrasted with convective, or mechanical 
mixing. Mixing in solids occurs by diffusive 
motions of atoms or molecules. 

• Fick’s 1st and 2nd laws are based on 
fundamental physics (mass conservation) and 
empirical observations (experiments).

• Diffusion involves scalar fields, C(r, t), which 
have associated vector gradient fields, ∇ C(r, 
t).

• Fick’s 2nd law is in general non-linear, but is 

Key Points
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Internal Mass Transfer in Porous Catalysts
• We have examined the 
• potential influence of 
• external mass transfer 
• on the rate of 
• heterogeneous reactions.
• However, where active sites are accessible within the 

particle, internal mass transfer (molecular diffusion) has 
a tremendous  influence on the rate of reaction within the 
catalyst.  Numerous examples exist:
– Encapsulated or entrapped enzymes
– Microporous catalysts for catalytic cracking (zeolites)

• The diffusion rate of reactants and products within the 
particle often determines the rate at which a microporous 
catalyst functions.

Concentration Gradients of Diffusing Reactants and 
Products In a Uniform Catalyst Particle

Figure 4-19 
Spherical catalyst particle with diffusing 
reactant. Cs is the concentration of 
reactant at the particle periphery. 


